We present a scheme for realizing femtosecond multi-filamentation with designable quantity and locations of filaments, based on the control of multi-focal spots formed by patterned optical fields (POFs) composed of multiple individual optical fields (IOFs). A computer-controlled spatial light modulator is used to engineer the POFs. In particular, we introduce a blazed phase grating in any IOF, which increases a degree of freedom, making the engineering of multi-focal spots becomes more flexible. We achieve experimentally the aim controlling femtosecond multi-filamentation in a K9 glass. Our scheme has great flexibility and convenience in controlling the multi-filamentation in quantity and locations of filaments and strength of interaction between filaments.
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I. INTRODUCTION
Light filamentation produced by the femtosecond (fs) laser has aroused great interest since it was discovered for the first time in 1995. 1 When the laser power is higher than a certain critical value, the multi-filamentation can be observed experimentally due to the fluctuation in intensity or the perturbation in index. [2] [3] [4] [5] Many efforts have focused on the control of multiple filaments, such as by using the deformable mirror, 6 the axicon, 7-10 the phase plate, [11] [12] [13] [14] the pinhole, 15 the diffractive elements, 16, 17 the mesh, 18, 19 the astigmatic focusing, 20, 21 the beam size, [22] [23] [24] the ellipticity, [25] [26] [27] [28] the cylindrical lens, 29 the microlens array, 30 and the hybridly polarized vector fields. 31 In this article, we present a scheme for controlling the fs multi-filamentation with the engineerable quantity and locations in a K9 glass (it is almost the same as BK-7 glass, so for all parameters used for K9 here, we can adopt those for BK-7 32, 33 ). We used a computer-controlled spatial light modulator (SLM) to manipulate the patterned optical fields (POFs) composed of multiple individual optical fields (IOFs) and then to control the multi-focal spots in the focal plane. We demonstrate experimentally the realization of the designable, engineerable, and stable multi-filamentation in the K9 glass.
II. EXPERIMENT
The experimental configuration is shown in Fig. 1 . The used light source was a fs Ti-sapphire regenerative amplifier (Coherent Inc.) operating at a central wavelength of 800 nm, with a pulse duration of 125 fs and a repetition rate of 1 kHz, which delivers a fundamental Gaussian mode. An achromatic half-wave plate (HWP) and a Glan-Taylor prism (GTP) are used to control the energy and the polarization direction of the laser incident into the K9 glass. After the fs laser beam is expanded by a beam expander (BE) composed of a pair of achromatic lenses, it is incident on the reflectiontype SLM (with a dimension of 1920 × 1080 pixels and a size of p × p = 8 × 8 µm 2 per pixel). The computer-generated holograms (CGHs) displayed on the SLM are used to produce the POFs composed of multiple IOFs. Behind the SLM, another pair of achromatic lenses is used for the spatial filtering. A focusing achromatic lens with a focal length of 200 mm is used to increase the energy density inside the K9 glass (with a length of ∼15 mm) and the focal plane is inside the K9 glass (with a distance of ∼2 mm from the incident plane of the K9 glass). The produced multi-filaments are imaged by an achromatic lens with a focal length of 50 mm. The CCD camera is used to capture the images, for recording a frame of image is in 10 shots. The images we captured by the CCD camera were the end plane of the filaments instead of the exit plane of the glass sample. After the end plane of the filaments, the filaments will exhibit rapid divergence, so the local intensity becomes very low, which results in the very low nonlinear effect. Therefore, the images captured on the CCD camera will have only a little distortion, because the propagation of the divergent filaments is near linear behind the end plane of the filaments. The imaging system is an achromatic lens with a focal length of 50 mm. The very low nonlinearity can only gives rise to a little change in size of filament, while cannot influence on the location of the filament. The computer-controlled SLM is used to generate the demanded POFs. The reflection function of the CGH loaded on the SLM is written as
The demanded information, which is included in δ(x, y), is carried by the carrying-frequency grating cos(2πf x x) along the x direction, with a grating period of Λ = 10p (with a corresponding spatial frequency f x = 1/Λ). δ(x, y) has the following form
with circ(r/R 0 ) = 1 r ≤ /R 0 0 otherwise
where G j = (2π/Λ j )k j ,k j = cos φ jx + sin φ jŷ , r = xx + yŷ,x andŷ are the unit vectors in the x and y directions, and φ j is an angle formed with the x direction, respectively.
An uniformly x-polarized optical field is incident on the SLM with a reflection function given in Eq. (1), to be diffracted into many orders. Only its +1st order is chosen as the input field as follows
After such an input POF field composed of n IOFs is focused, it is incident into the K9 glass to produce the multi-filamentation. Each IOF is a circular top-hat field with the same radius of R 0 and the same amplitude of E 0 . The location of the jth IOF is defined by the coordinate of its center, as r 0j = (r 0j , φ 0j ). In particular, one should be pointed out that each IOF carries a blazed long-period phase grating G j . The jth IOF has a grating period of Λ j and an orientation (its grating vectork j has an orientation angle of φ j with respect to the +x direction). The focused input POF will include n focal spots from the n IOFs. Λ j and φ j of the jth IOF are used to engineering the arrangement of the n focal spots, and to achieve the engineering of the fs multi-filamentation in the nonlinear medium (K9 glass). The period Λ j can be defined as Λ j = L j p, where L j indicates the number of pixels within one period. After focusing, the jth IOF in the input plane (x,y) or (r, φ) is focused into a focal spot in the focal plane (ρ, ϕ), which is located at (ρ j , ϕ j ). We can calculate the distance ρ j of the focal spot P j from the field center (ρ = 0) by the formula tan θ j = ρ j /f , where f is the focal length of the focusing lens. Under the paraxial condition, the focal spot of the jth IOF is located at (ρ j , ϕ j ) = (f λ/Λ j , φ j ) in the focal plane (ρ, ϕ). The diffraction angle (θ j ), which is an angle formed by the propagation direction z, is determined by sin θ j = λ/Λ j . So the distance of the focal spot from the center (ρ = 0) can be controlled by changing the period Λ j of the phase grating in the jth IOF for a given f, while the orientation of the focal spot can be changed by the orientation angle φ j .
We first generate a POF composed of three closely arranged IOFs with the same radius of R 0 = 1872 µm. With its focal field recorded by the CCD camera, as shown in Fig. 2(a) , we measured the distance between focal spots 1 and 2 is d ∼ 328.2 µm, and then estimated to be ρ 1 = d/2 cos 30 • ∼ 189.5 µm. We also calculated the theoretical value of ρ 1 to be ρ 1 = f λ/Λ 1 = 200 µm (where f = 200 mm, λ = 800 nm and Λ 1 = 100p = 800 µm). When such a focused field is incident into the K9 glass, three filaments are produced and its pattern is also recorded, as shown in Fig. 2(b) . We measured the distance between the corresponding filaments 1 and 2 to be ∼317.8 µm (correspondingly, the distance of the filament 1 or 2 to the center is ρ 1 ∼ 183.5 µm). Since ρ 1 ≈ ρ 1 , the filaments are produced in the vicinity of focal field. The filaments 1 and 2 had the size of ∼53.0 and ∼61.0 µm in the short dimension.
We now explore the engineering of quantity of multi-filaments. In the following, n and m are used to define the quantity of the grating units (or focal spots) on the CGH (in the focal plane) and of the filaments produced in the K9 glass, respectively. Figures 3(a)-(c) show the patterned CGH loaded on the computer-controlled SLM, which are used to generate the POFs composed of three (n = 3), four (n = 4) and five (n = 5) IOFs, respectively. In Fig. 3(a) the three closely arranged IOFs are located at (r 0j , φ 0j ) = (270p, 2jπ/3) (j = 0,1,2), in Fig. 3 located at (r 0j , φ 0j ) = (310p, 2jπ/4) (j = 0,1,2,3), and in Fig. 3(c) the five closely arranged IOFs are located at (r 0j , φ 0j ) = (335p, 2jπ/5) (j = 0,1,2,3,4), respectively. One should be pointed out that the orientation angle of the phase grating in any IOF is φ j = φ 0j in Figs. 3(a)-(c) , implying that any phase grating is oriented toward the origin. Figures 3(d)-(f) illustrate the spatial distribution of the filaments produced by the focused POFs shown in Figs. 3(a)-(c) , respectively. Clearly, the quantity of the produced filaments are in good agreement with that of the IOFs m = n. The total energy per the single pulse incident into the K9 glass is ε = 10.75, 10.75 and 14.40 µJ, for the three cases of n = m = 3 in Fig. 3(a) and (d), n = m = 4 in Fig. 3(b) and (e), and n = m = 5 in Fig. 3(c) and (f), respectively. Correspondingly, the pulse peak power P for producing the single filament is estimated by P = (ε/n)/τ to be 28.7, 21.5 and 23.0 MW, for the three cases, which are 15.6P C , 11.7P C and 12.5P C (we estimated the critical power of self-focusing for the K9 glass to be P C = αλ 2 /8πn 0 n 2 ∼ 1.84 MW, by using α = 3.77, λ = 800 nm, n 0 = 1.51 and n 2 = 3.45 × 10 −20 m 2 /W 32,33 ), respectively. We should pointed out that the input power of the IOF is not the power contained in a single filament. However, the filament contains a fixed amount of power, roughly equal to P C (the critical power of self-focusing for the nonlinear medium). 1, 34 The filaments had a size of ∼52.0 µm in the short dimension.
We now explore the whole engineering of the multi-filamentation, including the whole rotation as shown in Fig. 4 and the interval between the filaments as shown in Fig. 5 . We choose the POFs composed of three closely arranged IOFs as examples, under the pulse peak power of P = 15.6P C = 28.7 MW. Figure 4(a) shows the intensity pattern of filamentation, which is produced by the focused POF composed of three closely arranged IOFs, with the same radius of R 0 = 234p = 1872 µm and the same grating period Λ 1,2,3 = Lp = 50p (L = 50) = 400 µm. The centers of three IOFs are located at (r 0j , φ 0j ) = (270p, 2jπ/3) (j = 0,1,2) and the orientation angles of the three grating are φ j = φ 0j (j = 0,1,2) (implying that the three gratings are orientated toward the origin). Figures 4(b)-(h) show a series of the intensity patterns of filamentation, produced by a series of the focused POFs, which are counterclockwise rotated by a step of π/12 with respect to the POF used in Fig. 4 (a) in turn, as schematically shown in the inset in the right. The filaments had a size of ∼56.0 µm in the short dimension. Clearly, the intensity patterns of the produced filaments are also rotated by the same angle synchronously. So it is neatly to change the locations of filaments by rotating the grating units of the CGH loaded on the SLM. For the control on the interval between the filaments, the arrangement of the used POF is similar to that used in Fig. 4(a) , the phase gratings of all the three IOFs are still oriented toward the origin while all the grating periods are changed synchronously. As shown in Figs. 5(a)-(l), the intervals between two neighbor filaments decrease as the grating periods Λ 1,2,3 = Lp increase, because the larger grating period in the IOF makes the focal spot has the smaller deflection angle. The filaments had a size of ∼66.0 µm in the short dimension. In Fig. 6 , when the phase periods and (r 03 , φ 03 ) = (270p, 4π/3) always keep the grating period of Λ 1 = Λ 3 = 50p. In contrast, the grating period Λ 2 of the 2nd IOF is changed from L 2 = 50 to L 2 = 500, and then further from L 2 = 500 to L 2 = 100 (the "-" sign indicates that the orientation of the blazed grating of the 2nd IOF is inverted). Clearly, the focal spots of the 1st and 3rd IOFs are fixed, while the focal spot of the 2nd IOF will move along the bisector of the focal spots of the 1st and 3rd IOFs because its grating period Λ 2 changes. From a series of the intensity patterns of the multi-filaments shown in FIG. 7 . The intensity patterns of filamentation produced by a series of the POFs composed of three closely arranged IOFs, with their centers always located at (r 01 , φ 01 ) = (270p, 0), (r 02 , φ 02 ) = (270p, 2π/3), and (r 03 , φ 03 ) = (270p, 4π/3). The periods and orientations of the gratings in the 1st and 3rd IOFs are fixed. The grating period of the 2nd IOF is changed, with a series of 
III. DISCUSSION
We show two examples of the top views of propagation process of light in the glass in Fig. 9 . Clearly, it is indubitable that the light propagates indeed in the self-trapping channels in the glass, in Figs. 9(a) and (b), there have two and three filaments with a length of ∼12 mm, respectively. If there has no nonlinear effect, the light in glass will be divergent or diffuse. The higher-order nonlinear effect plays an important role in filamentation, because it can balance the self-diffraction to form the filaments.
As another proof, the filamentation is always accompanied by supercontinuum generation. Figure 10 shows the color conical supercontinuum patterns captured on a white screen placed behind the glass. Since if there has no filamentation, it is very difficult to generate the supercontinuum, which is an indication of the filamentation. We also measure the supercontinuum spectra generated by the POF composed of three IOFs (n = m = 3) with different grating period Λ = Lp, as shown in Fig. 11 . It can be found that as the grating period Λ (L) increases, the intensity of the supercontinuum exhibits a trend of slightly stronger, and the supercontinuum spectra have two peaks located at the shorter wavelength of ∼600 nm and the longer wavelength of ∼734 nm, respectively. As the period Λ (L) increases, the shorter wavelength peak exhibits a bule shift from 618 nm for L = 250 pixels to 590 nm for L = 850 pixels and its intensity increases, while the longer wavelength peak has no almost shift and its intensity increases quickly. As the period increases, as shown in Fig. 5 , the filaments are close to each other until partially overlap, resulting in the stronger interaction between the filaments and the enhancement of supercontinuum generation.
At last, the precision of the aim in terms of angle and distance depends dominantly on the size of each pixel of the spatial light modulator. The smaller size of pixel will get the higher precision. Since each pixel had a size of p × p = 8 × 8 µm 2 , the maximum angular uncertainty and the maximum distance uncertainty are lower than 0.5 seconds and 0.6 µm in our experimental conditions, respectively.
IV. CONCLUSION
We have demonstrated the multi-filamentation produced by the focused POFs composed of multiple IOFs in the solid glass. In particular, each IOF includes a blazed phase grating, its period and orientation, as degrees of freedom, can flexibly engineer the location of focal spot of the IOF. The quantity of IOFs consisting the POF can determine the quantity of focal spots. The computer-controlled SLM can be used to achieve our aim. Due to the engineerable patterns of the multi-focal spots, the multi-filamentation produced by the fs POF composed of multiple IOFs can be flexibly engineered. Although our idea has proved in the solid glass, our scheme should have some reference significance for producing the engineerable multi-filamentation in air. Inasmuch as our scheme is able to easily control the intervals between the filaments by setting the locations of individual optical fields forming the patterned optical field, which allows us to tune the strength of interaction between the filaments. When the filaments are close to each other, the interaction becomes stronger. In this article, however, we do not deeply investigate the interaction between the filaments. Due to the flexible controllability, our scheme should be a promising one for developing the potential applications of filaments. For example, the laser control triggering lightning maybe become more convenient and flexible in the operability of quantity and locations of filaments.
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